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Abstract 



This is an expository account of Balaban's approach to the renormahzation group. The method 

is illustrated with a treatment of the the ultraviolet problem for the scalar (j}"^ model on toroidal 

lattice in dimension d = 3. In this third paper we demonstrate convergence of the expansion and 

r^ ' complete the proof of a stability bound. 

-(— > ' 

2 . 

1 Introduction 

We recall the general setup from part I [14] and part II [15] . We are studying the 0"* field theory on a 
^ . toroidal lattice of the form 

in ; T^^ = (i-^Z/L^Z)3 (1) 

t^ I The theory is scaled up to the unit lattice T^ , n^ and there the partition function has the form 

O 

g; Zm,n=J p'^{<^)d<i> (2) 

m 

where for fields $ : TpJ^^n^ — > R we have the density 

p!^($)=cxp(-5o^$)-Fo^$)) (3) 



X 

M ' with 



s^{'^)-lmf + lfi^\m' 



l-o^$)=s>l(T}^+,) + iM„^||$|P + iAo^^$^(.) 



(4) 



and very small positive coupling constants Aq = L^^X,^q = L^^'^fi, etc. The superscript N is 
generally omitted so we have Aq, /io: eic. 

Our goal is to show that with intelligent choices of the counter terms £q , /ip the partition function 
■Z^M.N satisfies stability bounds which are uniform in the ultraviolet cutoff N and with bulk dependence 
on the volume parameter M. The method is the renormalization group method of Balaban ([1] - [TTj). 
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In fact our primary goal is not the stability bounds, which are interesting but not new, but rather the 
illustration of Balaban's method. 

We repeatedly block average starting with pQ given by (|31)- Given pk{^k) we define for $/c+i : 
"I^M+N-fe ^" ^ ^^'^ block averaging operator Q\^ 

Pfe+i($fe+i) =M.\i / exp ( --aL|$fc+i - Q^fcN Pk{^k)d^k (5) 

"-^'^M + N-fc J \ 2 I 

Next we scale by 

Pfc+l(*fc+l) = Pfc+l(*fc+l,L)i"l^^+"-'=l/^ (6) 

Then for any fc the partition function can be expressed as 

Zm,n= /"pf($fc)d$fc (7) 

We quote the main result on these densities from part II. It says that after fc steps the density can 
be represented in the form 

n' (8) 

Xfc(Afc) exp ( - S+{Kk) + Ek{Kk) + RkJliJ^k) + B^Yii^k)) 

where 

fc-i 

n 

i=o 
fc-i 



j=0 ^ ^ 

^^,n=n(2-)-''^^-^-^-l"'/^exp(-lL-(-^)|W^|^^^^_,^^^)dT4^-;)_,^^^ 
fe , 

fe 



(9) 



Aj_i,Oj,Aj 

Here 

n=(Ao,f7i,Ai,...,nfe,Afe) (10) 

is a decreasing sequence of small field regions in T|^'^|^_j,, with rjj, Aj a union of L~'^^~^^M cubes. 
With (5rij = ilj — r2j-)_i our basic variables are 

*fc,rj = (*i,5ni,*2,5n2,---,$fc-i.5afc_i,$fc,nj (11) 

where ^j.m.^i ■ {Si^j)^^^ ^- K. There are also variables ($0,05;, *i>i,n5, *i>2,n=, ■ • • , ^k.ni) which play 
a lesser role. In d<I>j, j-jc the measure is 

dd.^.'^^-/) ^iL-C^-^VsjKn^+o^'l TT dci,.(^) (12) 

^ ' J + 1 -L J- 



^ J^a.n = (27r/a)' 1'^ where |f2| is the number of elements in fi. 

2 If X C IT"* f^_^ then XO) C T^<_'°~_f^ are the centers of L^ cubes in X. 



Besides our basic variables there are auxiliary variables 

Wk,n = {Wo,n,-A, , . . . , Wk-i,n,-A, ) (13) 

with Wj^n^^^-Aj+i ■ [%+i — Aj+i]^-'^ — ^ R. In dW,^ jj the measure dWjj[^^[_j^. ^ is defined as in ([T2|) . 
We employ the convention that A_i. Qq are the full torus T,^ , |^_^,. 

The precise statement of the result is the following: 

Theorem 1. Let < A < e^^ and < p. < 1. Let Xk = L~'-'^~''^X and ftk = L~'^^^~''^Jl he running 
coupling constants. Let L be sufficiently large, let M be sufficiently large (depending on L), and let Xk 
be sufficiently small (depending on L,M). Let ek,fJ-k be the dynamical coupling constants selected in 
part L Then the representation Q), (0) holds with the following properties: 

L Zk is the global normalization factor of part I. It satisfies Zq = 1 and 

Zfc+i = ZfcAr^, (2^)|TM+N-J/2(detCfe)i/2 (14) 

"'-^M + N-fc 

2. With pk = (— log Xk)^ and ak = niax{A^ , ft^ } the characteristic function Xk{-^k) enforce bounds 
on Ak stronger than: 

\<^k\<2pka-' \d^k\<5pk (15) 

3. The characteristic functions Ck.Kk-i,nk,Ak{^k-i,Wk-i,'^k) enforce bounds on Afe_i — i7fc stronger 
than 

|$fc-i| < 2pk-ial^^L^ \d^k-i\ < 3pfe_iL5 (16) 

and enforce bounds on flk — Afe stronger than 

\^k\< ipk-ia^l^L^ \d<^k\< 4pk-iLi \Wk-i\ < C^Pk-iL^ (17) 

for some constant Cw In the expression 0) this is scaled down by L^^^^^' . 

4- The hare action is S^{Kk) — S'^{Ak, ^k, (f'k ft(A*0 ''^^'^''^ 'f'k ft(A*) *■* "^ field approximately local- 
ized in A^, an enlargement of Ak, and for (j> : '^^+N-k ~^ ^ 

S+{Ak, <i>fc, 0) =S*k{Ak,'^kA) + Vk{AkA) 

SliAk, $fc,0) =|^||$fc - Qkm, + \\\d<ty\\l!,, + \Mml, (18) 

1 1 /" 

Vfc(Afc,0) ^ekVol{Au) + -Mfc||<?!>||i, + ^Afe / </>'' 
^ 4 ./a. 



-k 
'M+N-fc 



it 



5. Ek{Ak) = £'fe(Afc,0, O/A.-,) are the main corrections to the hare action. For <j) : T| 
has the local expansion 

Ek{Ak,4>)^ J2 Ek{X,4>) (19) 

XCAfc 

where X is a connected union of M- cubes. Ek{X,(j)) depends on (j) in X, is analytic in a certain 
complex domain (p E TZk{X, e), and satisfies there for /3 < i — lOe 

\Ek{X)\ < Afe-'"^"^(^) (20) 

where MduiX) is the length of the shortest tree joining the M-cubes in X . 



6. R, TT(Afe) = R, j-r(A/i;, $fc) is a tiny remainder and has the local expansion 

^fe,n(Afc,<i'fc)- E ^fe,n(^'<5'fe) (21) 

XcAfc 

where i?^, n(Ar, ^fc) is analytic in a certain complex domain Vk^X, 26), and satisfies there for a 
fixed integer uq > 4:: 

\Rk,nW\ < A^e-'-^-f^) (22) 

7. B^ n(^'=) ^ ^k n(^'=' *^fc Jl' ^fc n) ^^ ^^^ active boundary term. R has the local expansion 

Sfc,n(A.)= E ^fc,n(^) (23) 

XeX'fe(modOp,X#Afc 

where X^Ak means X intersects both Afc and A|. The function Bf. Yi{X, $^ j-j, py^ jj) is ana- 
lytic in a certain complex domain Vf. j^ and 

\Wj\ < B^ pjL^^^^i^ on Qj+i - Aj+i (24) 

and it satisfies there 

\^k n(^)l ^ BqXIc-'"^'-'^^^ "'°'^ "^) (25) 

/or some constant Bq depending on L, M . 

8. -B, TT(A/i;_i, Afc) ~ -^t n(^'^^i' ^'=' *^fc Jl' ^fc n) ^^ ^^^ inactive boundary term. R depends on 
the variables only in fli — Afc, is analytic in V, q o-nd ^24\ l and satisfies there 

\B^jliAk-uAk)\<Bo\A^^l,-Ai'^\=BoVoliAk-i~Ak) (26) 

Also it is additive in the connected components of A'f.. 

9. With 5Ak-i = Ak-i — Afc, the unrenormalized action is "5*^, '"((5Afc_i, $^, j-j, 0^, j-^,^ f2 A ) ) 
where (jy^, j^/^ ^ p^ ■, is a field approximately localized in A^^j^ n (A|)* and 

5+'"(Mfc_i,$,0''^) -5,t(Mfe_i,$,f^,0) + li"(Mfe_i,0) 

l^fc"(A,</>) ^L\k-i Vol{A) + ]-L^^ik-iWU + 7 Afc / <P'' 



Remark. The complex domains TZk{X, e), Vk{X, 25), V^, j-j are defined in section 3.2 of part II. 

Convention: Tfirougliout the paper C(l) stands for a generic constant independent of all parameters, 
C stands for a generic constant possibly depending on L. 



2 The last step 

For the rest of the paper we take fl — 1 and fulfill the condition by A^ be sufficiently small by 
requiring that A be sufficiently small. Then we can run the iteration all the way to fc = N and we 
have an expression back on the original torus T,^ . (In the terminology of paper I we are taking 
K = N and A = ). At the end our running coupling constants are ftt^ — p, — 1 and An = A. The 
dynamical coupling constants are fixed to satisfy e^ = 0, /i|\i = by the choice of initial conditions 

£o — Eq ' Mo — Mo ■ 

The partition function is now given by Zm,im = /pn($n)(^^i\i and substituting the expression ([S]) 

for pN(*i>N) it is 

n -^ (28) 

Xn(An) exp ( - S'n(An) + E+{Am) + R^^u{I^n) + B^ji{An) 

Here we have transferred the potential from S'[^(A|\|) to i?j^(A|\i). 

The mass flf^ ~ p. = I will enable us to control the final integral over $n- Before estimating this 
expression we manipulate it into a form which exhibits the local structure. These manipulation are 
similar to the general step in the iteration and they will occupy the reminder of this section. The final 
estimates come in the next section. 

2.1 minimizers 

We analyze further the integral over $|\|. Split the integral on|2| 

^N+i = A^^ (29) 

With this definition there is no new large field region (Pn+i = 0) and il^+i is a union of M blocks 
(rather than LM blocks as in the general step). We split $i\i.sifj = (*&n,0'= ,^n,On+i) and analyze 
the integral over $i\i.r2N+i in rnore detail. For this idea would be to take the main term in the action 
5^ (Am, $i\i, (f>^ J7(A*)) ^^"^ expand around the minimum in $N,f2N+i- 

Instead we use the minimizer for a related action better suited to 4>^ J7(a*v ^^^ 
then 0^ Of A*) — 4'[j rt(A'){^[j OfA*)) ^'^ defined to be the minimizer in (f> on rii(A^) for 

^l|a^(^N,fl(A.) - Q^,niA'jmkiA'J + \\\m' + ^MN||0f (31) 



with (j) ^ Q^-I>iM on fii(A* )^ 

With n^+i we introduce n' = (r2(A^), f^N+i) and Sft' = {Sn[, . . . ,6n'^). Then rii(A^) = n[ and 
we further split ([50)1 as 



$ 

^*^^ 



([QN*N]n-, *N,50'' *N,nN + i) (32) 



where 



^Let r/j = (— log Afc)"". Recall that for a union of M cubes X in TTi^ , ^_j,, X* is an enlargement by [rj.] layers of M 
cubes, and X'' is a shrinkage of X by [r^,] layers of M cubes. 



We ask for the niinimizer of (1311) in $N.f2N+i and (j)fii This is discussed in a general context in appendix 
\X[ the minimum comes at 'I'n.On+i = *n.s1n+i('^^') ^^'^ ^t (f>fi> — (/)^ ^j-^' where 






Here 



G, 



N,5fl' 



-A + fit^+Ql^^,iiQ^^^^, 



(34) 



(35) 



With our choice of N, the mass term /in in G^ ^q' is now substantiaL As a consequence the kernel of 

G^ aO' ^*s exponential decay as we will see, and so (f)^ ,q' is approximately localized in i^^+i- ^^ 
also note the identity from appendix [XI 



^N,Sn' = '?^N,fl(A-)([^N,fl(A-)]f^S+i'*N,n„+i('5n') 



(36) 



Returning to the original problem with 5^ (An, $i\i, 0^ rjfA*)) ^^ expand around the minimizer by 
making the translation 

(37) 



and change the integral to an integral over Z : ^l^li — > 

'^N,fl(A-)(0'^) 



Then by 



and defining Zn = 






'^N,fl(A-)(0'^) 



(38) 



'N.^ri' 



Lemma 1. 



Sn (An, (*N,5nM, *N,nM+i(^') + ^), 0N,5j7' + 2n 

=S'n(A|m - fiN + i,$N,5f2M,(/'M 5J7') + '^N(^N + l''?^N.5r2') + 



^S^(An) 



i? 



(1) 

iij^N + l 



(39) 



where SNin,q^) ^ ^\m\l^ + ^fi^l 



and R^^^ 



ll,ni\]_i_i 



is a tiny term. 



Remark. A "tiny term" is ©(A"") for our standard integer uq > 4. We are more precise about this 
when we discuss localization. 

Proof. With ^N = ^n,On+i('^^') '^^ expand in Z and find as in lemma 2.4 in part II: 

5n [An, ($N,«2„, *n) + (0, ^), -/-N ,5J7' + ZmJ = S'n + i(An, (^N.^On, *n), '/'n^J7' 



+afe<Z,(*N-QN0N,A-O')>A„ +b^,{dc^^sfi',ZN) +5^(An,(0,Z),Zn) 



(40) 



Here we have made a cancellation in the linear terms using again p6p . The term bA„(9^„, ^q',2n) is 
a boundary term localized on dA[^. It is tiny since Zm is tiny on 9A|\|, and so contributes to -Rtt „ 



The second term on the right side of this equation vanishes by the definition of ^n. As in lemma 2.5 
in part II, the last term can be written 

5^(An,(0,Z),Zn) =Uz,\a^ ] Z) + ... (41) 

where the omitted terms arc tiny and contribute to rIJ . Finally using the definition of ^n again 
we have 

Sn (An, ("^N^^n. *n), 0n ,5^2' j = 5'n(An - rJiM + i, $N,5aN. </'N,5f2') + -^Nlf^N + l, 0N.5O') (^2) 

to complete the proof. 

Actually we use a modification of (1371) as in part II. The propagator G^ ^o' has a random walk 
expansion, explained in more detail later. Hence one can introduce weakening parameters s — {sq} for 
multiscale cubes D, and define a weakened version G,, lO'(s)- This leads to a weakend field (1)^^ aO'(*)) 
hence a field 4>j^ g^'(\3) localized in D*. Approximating 0^ ^^r by 0^ ^j-2'(n) on D gives a localized 
field '/''°'^Q' and hence a localized minimizer ^fjj"^ {5n') The actual translation is then 

<i>NA+, -*'rJ,k+,('5f2') + Z (43) 

This is done for benefit of the characteristic functions. But in S'^(An — r2|\i-|_i) + S'i\i(riN+i) and in 
i?i^(A) we immediately undo it and return from 'i]^^^ {S^') to \1'n_On+i(<5J^') at the cost of some 

more tiny terms i?^^ ^ , R^^ ^ .We define i?^'' = ^n H (^n ) + i?i\\, + ' ' ' + ^n o ■ 
Now (l28ll can be written 



(44) 



Zm,n =Zn ^ / d^j^fi- dWj^ jj K^ji C|^jj exp (^ - ^^(Am - f^N+i) - S'N(riN+i) 

n ^ 

JdZ xn(An) exp ( - i(z, [Af^(^. J ^^^^ Z) + E+iA^) + R^^'^^^^ + B^j^iA 

Here 

d^N,n^ = d^^,^^.+,d^N,n^ (45) 

and S'^(An — il|\i+i), 5|\i(r2|\i+i) are as in lemma[l] and 

^^^(AN)=i?^^(AN,0N^,O'+2N) 

Xn(An) =XN(AN,$N,A-0„,*N,0„ + i('5f^') + ^) 

and R^ Yli-^'^) ^^"^ ^n n(AN) also have their arguments shifted by ((43]). 



(46) 



2.2 fluctuation integral 

The integral over Z is a Gaussian integral with covariance 

'^N.fl' = [^N,J7(A*)]nN+i (47) 

There is now no term aL^^Q^Q in the operator we are inverting, as was the case in earlier steps. To 
obtain an ultra local measure we want to change variables hy Z = C r^iW where W : ^li_li -^ K- 



~ 1/2 

For this we need to control the operator C =, . It has the representation (Appendix C in part II with 

N,il 

a = 0): 



C 



1/2 



^c, 



N,ri', 



c, 



N.Jl'.r 



^N,J7(A-) 



-1 



And Cb, q' has the representation (Appendix C in part II with a = 

2 
r I / n.r,! > 



ON + T VflN + »" 



a-N 



Q'^^N sffj-Qr^ 



^M-i-i 



where 



^N,sfl'.r - 



-A + flt^ + Ql^^,aQ^^^ 



ftN + r 



[Qn<3n]j2,_^, 



-1 

si; 



(48) 



(49) 



(50) 



The Green's function G„, oQ' has a random walk expansion and hence there is a weakened form 

This 1( 
and so to (C q/)'°'^- The actual change of variables is then 



^N,sn'A^^- ^^^^ ^^^'^^ *° weakened forms C*^ f^' ,,(s), ^'^^^2'^*''' ^^^^^^^"^^ ^ C^q' ^^{n*),C^^^,{n* 



- / ^1/2 



^='^.:n'j ^^ 



/oc 



(51) 



This localization is for the benefit of the characteristic functions. In £'fe(A|\i) we immediately change 
back to C Q, Wn ■ The new measure in W^ is replaced by the Gaussian measure dfiUu+i ( W^n ) with iden- 
tity covariance. Furthermore the induced determinant det((C' q/)'°'') is changed back to det(C' q/), 
and then to a global determinant det(A|,j ^), the special case in which all small field regions are the 

whole torus. The operator An has the representation An = cn — o^QnGnQn ^^'^ ^n ^ has a rep- 
resentation which is a special case of P5|) - ([50]) . All these replacements are at the cost of further 
tiny terms RiJ , ■ ■ ■ , Rt-J and an overall volume factor exp(cN|i^M4_i 1). See part II for more 

details. ^ 

We also note that we can identify Zn det(A|^ ^ ) as the bare normalization factor Zm,n(0) defined 
with Aq = and no counter terms (i.e. Vb = ). This is so since if we run the global renormalization 
group as in section 2.2 in part I with we find 



Zm,n(0) = / PN($N)d$N = Zm CXp(^-S'N($N,0N))c^*^ 



=Zn / cxp( - - < $n,An$n > jd^N = Z^idetA^^) 



(52) 



With these changes we find 
Zm,n ==Zm,n(0)^ / rf$N J7- dW^ji K^u C^ jj ex^pi^- S^{Am - f^N+i) - S'N(f^N+i) 



n 



exp 



(5N|f^Nfi^|) fdfIn.^,{WM) XN(AN)cxp(s+(AN) + i?. 



(53) 



■nS„+i+^N.n(AN) 



The field Z|\| = aNGf,Q,j^.^Q^Z has become 



W,,f2-«NG,_j^(^.)Q^((7;/^,iy.) 



(54) 



and we have 

/ , , / ~ 1 \^oc s (55) 

Xn(An) -XN(AN,$N,50„,<°V,(5fl') + (C^^,) M^n) 

with the change of variables (|5ip also made where appropriate in R^ ' and _B., tt(An). 

2.3 estimates 

We collect some estimates we need. 

Lemma 2. The Green's function G^ ^j-j' has a random walk expansion based on multi-scale cubes for 
Sfl' , convergent in L^ and L°" norms for M sufficiently large. There are constants C, 70 (depending 
on L) such that for L^C^^-J) cubes Ay C S^j and L^^^^^ > cubes Ay' C 6ilj' : 

|lA.G, .f^.lA,,/! < CL-^^^-='^e'-'°'^-''^''\\f\\^ 
i-(^--'")|lA„aG,,f^.lA„,/| < CL-^'^''-^'^e-'^''"'n'^y'y'\\f\\^ (56) 

Proof. This follows the proof of Theorem 2.2 in part II, to which we refer for details. In that theorem, 
specialized to the case at hand, the proof is based on local inverses for multi-scale cubes D given by 

GN,n(A.)(n)= [-A + /lN+Q^j^(^.)ag,f^(^.J^' (57) 

Now with O' = (r2(Af^), i7fc+i) we modify this to G^ ^j-j'(n) defined in ((35|). The only difference is 
that there are no averaging operators in i^N+i- Then if D C 5^n+i we have since Jl^ — \ 

G'N,.ji'(n) = [-A + ^]^' (58) 

This satisfies the same bounds as G^ j-j/^*>(n). Also the operator "Hn in lemma 31 in part I, now with 
no averaging operators and /In = 1, satisfies the same bounds. Thus the proof goes through as before. 



Remark. The random walk expansion still has M cubes in r^N+i, unlike the general step where it 
had LM cubes. 

Lemma 3. The Green's function G^ ^q' . has a random walk expansion convergent in the L^ norm 
for M sufficiently large. It yields the bounds for all r > 

\\lA^G^,sn'.M^Jh < CL-'(^-^%-^'n'^-''''^\\fy (59) 

Proof. This follows the proof of lemma 3.5 in part II, to which we refer for details. Again the absence 
of averaging operator in fl^+i is compensated by /In = 1. 



Lemma 4. 



N.Si ■^ 



{cUn'y^f < C\\f\\ 



N.fl' 









loc 






/^l/2 \loc 



< CWfWooe- 

<C\\f\\oo 



(60) 



Proof. C Q, is expressed in terms of G^ ^j-j' ^ in (H51) - ([5D|) . The results then foUow from the previous 
lemma, as in lemma 3.6 in part II. 

2.4 new characteristic functions 

Since 0^ cQ' is already tiny inside fl^+i we do not introduce any new conditions on this field. Thus 
Qk = ^- We still need a small field expansion to remove the non- locality in the characteristic function. 
We therefore introduce 



-^'N+lC^N + l 



(61) 



where xfg+i(AN+i) enforces \Wt^\ < po,N everywhere in A^+i. The new small field region is 

An+1 = ri^^Vi - ^N*+i or A^^+, = in^^^,f*UR^%, (62) 

Then (|6T]) is rewritten as 



(63) 



1= 2^ Ci\i+i(riN+i, AN+i)xfj'(AM+i) 

Cn+i(^n+i, Am+i) = 2_^ Cn+i(-Rn+i)xn+i((^n+i - -Rn+i) - An+i) 

This is inserted under the integral signs in (j53p and then the sum is taken outside the integrals. 
The characteristic functions are now 

'^N,n XN(AN)CN + l(riN + l, A|M + i) Xn(An + i) = C^ , ^ JJ+ Xn(AJ^ + i)xn(An + i) 



(64) 



where with 11 = (11, ilN+i, An+i) 

'-'N+i.n+ ^ ^N,n xn(An - A^*|_i)CN+i(r2iM+i, An+i) (65) 

Lemma 5. C ^1+ ^^ independent ofW^ in An+i and on the support C ■i-r+ Xn(An+i) 

Xn(A*n*+i) - 1 (66) 

Proof. We must show that ^]^}^^ {6n') + {C^^Ly°''WN is in the space 5^(0) for any Af-cube 
D e A**^^. We show separately that *n° a„^^ (^rj') and (C'^^^/)'°"M/n are in i5N(n). 
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The functions C^ yi+ Xn (^n+i) force that IM^nI < Po.n on A^*|_^. Then by ([60]) we have on Aj^*^^ 

\iCi;},,rW^\<Cpo,^-{c^)p^ (67) 

and the derivative satisfies the same bound since we are on a unit lattice. By lemma 3.1 in part II it 

follows that for D C A^*_|_i that {C^ 'L,y°''WN is in (CpN,o/PN)5iM(n). But for A sufficiently small and 

Po <P 

C^M. = c{- log Xy^'-P < \ (68) 

Pn 2 

Therefore (^^^^^'"'W^n e \Sn{n). 

For the second point note that (j)^ ,q' depends on $n on (551n = f^M — ilN+i- But C^ tt gives a bound 

on r^N — A|\| and xn(An — A^*j_^) gives a bound on A^ — Qn+i. These imply |$|\|| < Cp^a^ < Cp^X^^ *■ 
Since Af^,^ is at least 2[rN] layers of M blocks away from ^^ 1 1, the estimates on G^^ ^j-^' give that 
on A^t)_i we have |0^ ^j-j/j < e"*"". Then ^i\i^On+i('5J^') — [QN<f>j^ afi'lf^N+i satisfies a similar bound as 
does *N.n,^i(5f^')- ^ follows easily that ^^.^^^^^('^f^') e ^Sn{D) for D c A*!^^ . This completes the 
proof. 

We use this result in (|53)) . We also split the measure dfiQ^^^{WN) on Am+i and identify 

^^N+i,n+ = ^^N.n o'Mn„+i-A„+i(T^N) (69) 

and the ultralocal probability measure 

rfMUi(^N) ^ iM^,A,J-'Xki^N + l)df,A.^AWH) (70) 

The normalizing factor A/'rJf ^ has the form exp(— e^ Vo1(An+i)). We also define SE^ by 

E+iX, + W) = E+iX, 0) + dE+{X, 0, W) (71) 

Then ((53|) becomes 

Zm,n =Zm,n(o) ^ / rf$N.f2^ ^^N+i n+ ^N,n c^+i n+ 

n+ (72) 

exp fciMiri^'l^'l - ^^(An - 17|M+i) - S'N(r2|M+i)j S^ J-J+ 
where we have isolated the fluctuation integral 

-(0), 



r+ 



"N,n+ =exp ( - e;;'^Vol(AN+i) + E+{An) 

J dfil^^^ {W^) exp {SE+{A^) + i?*^ J^^^ + B^j^iA^) 

2.5 localization 

We next localize the expressions in the fluctuation integral. 
Lemma 6. For complex |$n,(50nI < -^n " (^iT-d \Wm\ < B^Ph'- 

X£Vh:X(1Ah+i 
Xe-D„( mod r!^^J,X#AN+i 

w/iere 
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(73) 



(74) 



1. The leading terms {5E'^y°'^{X) = {SE'^y°''{X,W!^) depends on VFn only in X, are analytic, and 
satisfy 

\{SE+y°''{X)\ < C)(i)A'3e-(''-'^«-2)dM(x) (75) 

2. The boundary terms B '^{X)~B -p|-+(X, $i\i^5o„, VFn) depends on ^j^s^^nt^n only in X , are 
analytic, and satisfy 

IB*-"^^ +(-'^)| < 0(l)xi^^°''e^^'^^^'^°^^^'^'"'^-^' "'"'^ ^^+^'' (76) 

3. B J-J+ terms are bounded by C|A^'^^ - A[J^_^J = C VoI{An - An+i). 

Proof. We are studying 6E+{A^) - ExcA„ ^^n (^) where SE+{X) = SE+{X,cf>^^g^,,W^^^,). Our 

assumptions imply I'/'iv^^j^'l < ^'^n " ^^^'^ ^'^^' derivatives, and IW^. j-j'| < CpM- Since 6 < e these 
bounds put us well inside the domain of analyticity TZj^ for An = A sufficiently small. So the basic 
bound \dE+{X)\ < A/3e-'"^*^('^) is satisfied. 

To localize we introduce weakened fields </)„, ^q' (s) and W^ q' (s) based on the random walk ex- 

~ 1 
pansions for G^^ sft'^^^ ^^'^ ^^ rfi^)- These satisfy the same bounds. We proceed as in the proof of 

lemma 3.15 in part II with the following modifications. (1.) The random walk is based has M-cubes, 
not I/M-cubes, in On+i, (2.) There is no reblocking, (3.) The decoupling expansion can be done for 
^N sft' ^^^ ^N Jl' simultaneously. The result is an expansion 

<5i?+(AN)= Y. iSE+y{X,'S>^,snu,WM) (77) 

xeX'N,A'nAN^0 

where 

\idE+y{X)\ < 0(i)A'3e-(«-''«-2)'iM(^) (78) 

Now terms in ([77)) with X C An+i depend only on VFn in X and are identified as the terms 
{SE^y°'^{X). If X^An we add on any connected component of ^^^i which is connected to X to get 
Ar+ e 2?N(mod rj^^j^). Terms in (|77p with X#An are partially summed by the X'^ they determine 



Nj 

X C A^^-^ are the B -pr+ terms. This completes the proof. 



and this gives the boundary terms B -L^(X) which satisfy the bound ([75| . Finally terms in ([77)1 with 



Lemma 7. For complex |$n,(50nI ^ -^n " "'^'^ \Wn\ < B^pn- 

ifere i?'°'L|.+ (AT, VFn ) and B -L^ (A", $n,(5s1n, W^n) are strictly localized, analytic in the fields, and satisfy 

|i?^°"jj+(X)| <C)(i)A""e-(''-'"''-2)dM(X) 
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Proof. The function R^-^- has many parts. Consider the original term R-wJ ^ = i?j,TT(A 

11 ,nfc+i lijUw+i '=.-'-■■ 



After the change of variables this has the form 

^N,n(AN)= E ^N,n(^'*N,5n«,<'o.^,(^^') + (c;^^')'°'w/N) (81) 

In addition to |*n,5oJ < A^'"* we have \^i°''^^^^iSn')\ < C\~~'~^ and [((^^^^^'"'W^nI < Cp^ < 
CX^^^ . Then for D C An and local fields 

we have the estimates \(j)^ n(n)\ — ^^n * ^'^"^ I^'^n ilfD)! — '-^'^n * • These are the estimates give 



An — A 



that ($N.«2„,*N,n„+i('50') + (C^^^f2')'°'W^N) isinC7'N(n,5) and hence in C7'n(An,(5). But for 

-~-—S —-—2(5 

sufficiently small CA^ " < A,^ " so this field is in 7'n(A|m, 25). Thus we are in the analyticity 
domain for R^ jjiX) and can use the bound \R^ n(^)l ^ A"«e-'''^"(^). 

To localize we introduce weakened fields ^^ ^ ((511', s) and {C >»/)'°'^(s)H^fe. These satisfy the 
same bounds. We proceed with a decoupling expansion as in the proof of lemma 3.16 in part II, except 
that the random walk has no LAf-cubes and there is no reblocking. As in the previous lemma the 
result is an expansion 

^N,n(AN)- J2 (i?N,n)'(^'*N,^0«,W-N) (83) 

xeVk^xnAn^H 

where {R^^ n)'("^) ^^ strictly localized and analytic and satisfies 

|(i?M n)'(^)l < C'(l)A"«e-('"-''«-2)dM(x) (34^ 

Now divide the terms by X C An+i, X^An+i, and X C A^^j^ and get a contribution for each of the 
three types of terms. 

The other contributions to R\^+ are treated similarly, see lemma 3.16 in part II. This completes 

the proof. 

For the next result we recall that the analyticity domain for B^^l is \Wj\ < B^pjL^'^'^^^^ on 
ilj+i — Aj+i for j = 1, . . . , N — 1 and $j, j-j in 

N-l 

^N.f2 = n [v-{sn„s)] ^_^^_^^nrM{^N - nl\s) nrM{nl\2S) (85) 

We modify it to a complex domain for 

*N,5f2+ = i'^i,sn„-.-,<^NMiJ (86) 

which is 

N-l 

^Nfi- = n [P'A^^^'S)], ,„ ,, n v^{n^-nl\6) 

This is contained in the domain |$n,50nI — '^n * used in lemma [5] and lemma [71 but still is large 
enough to contain the domain specified by the characteristic functions. 
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Lemma 8. For $„ ,0+ e n, O and \WA < B^p.L^^^-^'^ 



'n,5J7+ ^ ' N,n «"« I^jI ^ -««'PJ^ 



^N,n(AN) = E ^1 n+(^) + ^N+i,n+ ^^^^^ 



XeVui mod 0-_|_j),X#An + i 

Here B^ _L+(X, $ lO+i ^m+i TT^' ^i^.^n+i) *s strictly local in the fields, analytic, and satisfies 

|_g(-B) /j^-il <• ^nog-(K-Ko-3)dM(-Y, mod fl^^J /gg\ 

Proof. We are studying 

XePN( modn^),X#AN 

We claim that under our assumptions the field ($ q+ i ^n On 1 (^^') + (C' q')'°'^W^n) is in the domain 
V^ rj- This is a statement about the fields ^^j (^(n) defined in (15^ . If D C (ilj^*^-^)^ the statement is 
inherited from the definition of V^ q+ . On the other hand if D C il^+i then, as in the proof of the 

— - — 5 

previous lemma, the bounds I^n.^Qn | < A,^ " and \Wu \ < Pu imply that the field is in Vu (D, 25) and 
hence in 'Pn{VL'^,^,25) as required. Hence the claim is verified (twice in i^^*. j^ — r2j^ , -^). Thus we are 
in the analyticity domain for B^ j^ and have the bound 

\B^jl{X)\ < BoX^e-"'^'"^^' '""'^ "") (91) 

Terms with X C ^n+i are already localized and qualify as B yi^ terms. The remaining terms 

have X n fl^+i 7^ 0. For these we localize by introducing ^^ q {^',s) and (C o')'°'^(s)W^n and 
making a decoupling expansion. This follows the proof of lemma 3.17 in part II, except that the 
random walk has no LM-cubes and there is no reblocking. After adding on appropriate connected 
components of 51^,-^ the result is 

^N,n(AN)= J2 (^N,n)'(^'*N,50+'^N+i,n+'^N^A«+J + s^+^n+ terms (92) 

x#AN,xnnN+i/0 
where now the sum is over X G I?N(mod f^^+i) ^^'^ where 

l(^N.n)'(^)l ^ Oil)BoX^e-'-''-''''-^'^'^'''^^^ """^ ""+1) (93) 

Terms with X C A^_|_-^ are B -pr+ terms . Terms with X^^An+i are the terms i? '^{X). The 
stronger bound with A"" is obtained from the separation of A^+i and A^. This completes the proof. 

Now all the active boundary terms can be combined into a single boundary term 

analytic in 'P q+ x {\Wj\ < B^jp^LsC^-J)} and satisfying the various stated bounds. All the inactive 
boundary terms B ^-1-+ terms are combined into a single term B -pr+(A|\i, An+i) analytic in the 
same domain satisfying there 

I^N+i,n+(AN, An+i)| < C|A^") _ a("_)J (95) 
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The fluctuation integral is then 

^N n+ =cxp ( - 4"Vo1(An+i) + E+{An) + B^^^ jj+(An, An+i)) 

J d/4„^^ (m/n) exp ((^£;+)'-(An+i) + i?'^°;jj+ (An+i) + i?;;;n+ (An+i)) 

2.6 cluster expansion 

A cluster expansion is now carried out as in section 3.14 in part II, and in the resulting localization 
expansion we identify leading, tiny, and boundary terms. We find 



«'MU,(W'N)exp ((<5i?+)'-(AN+i) + i?'-jj+(AN+i) +i3;;|j+(ANH 

, ' . ' ' (97) 

exp(£;#(AN+i) + i?J +(An+i) + B^ +(An+i) 



Here -B^(An+i),_R* +(An+i) have local expansions like i!^^(AM+i) = J^xgAu i ^n(^) ^i*^ -^ ^ 
2?N . These are are independent of all fields and satisfy 

\E*{X)\ < C)(i)A^e-('^-6K„-6)dM(x) 



Also i?#jj+(AN+i) = Ex#A.+i ^N,n+(^) ^'^^ ^ ^ PN(mod f}=^+J. Here B*^AX) is a function 
°^ (^N ^$7+' ^N+1 n+)' ^^ analytic in V^ j-j+ x {\Wj\ < S^.p^L^C^'-^)}, and satisfies there 



(100) 



Now insert (|97|) back into (|96|) . and then ([96]) back into ([72]) . and obtain 

Zm,n =^m.n(o)X1 / '^^N.O'' '^^N+in+ ^N+i,n <^N+i n+ 

exp (^NirJ^i^i^l - 4Vo1(An+i) - S*^{Am - f^N+i) - M^n+i) + E+{Am) 
+E*{Am+i) + i?#j^+(AN+i) + B*-^+{An+i) + B^^^ jj+(An, An+i)) 

2.7 final localization 

We would like to write the action in the final small field region A^^-^ as a sum over pieces concentrated 
in the various connected components. However there is still some dependence on the field (p^ ^q' 
which is defined all over An+i (but is tiny there) and penetrates into A^_(^-^. This gives weak coupling 
between the connected components of A^^-^. We have to exhibit this coupling in a form we can use. 
The terms we have to consider are 

'S'n(An — ri|\i+i) + 5iM(r2|\i+i) = 5^(A|\| — r^N+i) + '5'n(^n+i — ^n+i) + '5'n(^n+i) (101) 

and 

E+iA^) = E+iA^ - ri^+J + E+in),^,) (102) 

We first deal with the last two terms which contain An+i. 
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„, TT+ V-' J *N,5nN 



(103) 



Lemma 9. For |*n,«2J < A ^-^ : 

ynn^^j5^0,yn<5ON7^0 
where the terms on the right are strictly localized and satisfy 

\R*^'^^^{Y)\<X'^"e-'^^-^"-^'>'^^'^^^ i^l,2 (104) 

Proof. This follows the proof of lemma 3.22 in part II. Consider E^ {fll^_^^) . Since fifj^-^ and fl^+i 
are separated by [rN] layers of Af-cubes we have \(f>^ ^j-j'| < e^''"/^ on rijj , j^. (See a similar argument 
in lemma [5]). Then we can write for X C ^l^^i 

and obtain the bound 

I^N (^' ^N.sn') - ^N (^: 0)1 < e-^N/^e^'='^-(^) (106) 

Next replace 0^ ^j-j' by the weakened version (p^ sQ'^^^' ^^^^ then E^{X,(p^ 5J1'('^)) ~ ^n (^'0) 
has the same bound. Then E^{X, cj)^ ^j-j/) — E^{X, 0) = ^ydx E^i-^^ ^) where Y is connected and 

dsY-Xj: E+{X,<p^^^,{s))-E+{X,0) (107) 

which is strictly localized in Y. In the random walk expansion for (j)^ ,q' (s) here only paths which 
start in X and finish in (5iliM contribute. In addition the condition sy = imposes that only paths 
in Y contribute. Thus paths must intersect Y n SV.^- If F n Sil^ = then 0^ ^JlK'*) = and so 
E+{X, Y) = 0. Thus we can assume Y n Sfl^ ^ 0. 
If we now define 



,(1) 
analysis. The analysis of S'iM(J7fj , j^) is similar. This completes the proof. 



then we have p03p . Using Cauchy bounds we obtain the stated bound on i?*'Li+(y) by the usual 



Recall that the field 0^ ^j-j' is defined in p4l) in terms of ft' = (r2(Aj^), 51n+i) and G^^ ^j-j' defined 
in ([55]) . We modify this to a more local field by introducing 

n" = f2(AN, i^N+i, fi^+i) = n'n n{{nl\^y) (i09) 

and the Green's function 



^N,n" 



-^ + f^^ + Qln"^QM.sn"Y^l (110) 



The field (j)^ j-j" is defined just as (j)^^ g^> in ([M]) but with G^ g^' replaced by G^ j^// (and still with 
vanishing field in JIm+i). The field (j)^ ^j-j" is localized in a region slightly larger than Aj^ n ^[^_i_i — 
A'^ n (ri^^ J^* and hence outside of An+i. 
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Lemma 10. For \<^N,snJ < A i^^ 

Fn(A„-!:2^^,)#0 

+ E ^:£.(i^-*N,«wj (111) 

Fn(AN-nN+i)#0 

5'N(f^N + l - ^N + l''?^N,5ri') =5'N(f^N + l - ^^N + l ' <^N,J1" ) 

+ E ^:g.(^''^^ 



^N,i5aN 

N + 

where the terms on the right are strictly localized and satisfy 



Fn(aN+i-nJ,_^,)#0 



|i?*'JJ+(r)| <C'(l)A"''e-(«-«''-2)<iM(Y) i = 3,4,5 (112) 

Remark. The leading terms on the right are bounded but not smah. We do not need them for large 
field bounds, but have made a point to localize them in a way that preserves positivity so they can be 
estimated in the exponential. 

L L J. f\ 

Proof. Consider -Eim(Am — r2fj_,_-^). First note that on An — rjfj_|_;^ we have |0|^ sfl'\^ I*^n fl"\ — ^"^n " 
Therefore with either field |^n(^)| < A'^e""''*^'^' and since FN(n,0) = An / 0'* we have |FN(n)| < 
CAPX^'^^. Therefore E+{X) = E^iX) ~ Vn{X) satisfies for X C An - f^^N+i 

I^N (A:)| < CM^X^'^^e-'"^'"'-^^ (113) 

But also we have on An — i^^+i 

I^N,.n'-^N,n"l<e--/2 (114) 

This holds since G^ ^q' and G^ q" have random walk expansions difi'ering only in f^^i i j^ which is at 
least [rN] layers of M-cubes away from An — f^^i , j^. Hence we can write 

KiX,cb^,sn')-KiX,^M,sn'')-i-J^^^_^^^^^J^fN{x,cf>^,^>>+t{^^^^ (115) 

and have the estimate 

I^N (^,</>N,.0') - E+iX,c^^^^„)\ < e-'-"/2CAf3A,^^e-''''«(^) < x^^+'e-^^'^'^^^ (116) 

The localization now proceeds more or less as in lemma 3.22 in part II and gives the representation 
(jllip with the bound (|112p . The terms S^ , S^ are treated similarly. 

2.8 summary 

We rearrange all these terms and insert them into (jlOOp . First we write 

£;+(f]^+i,0)-i?+(l]^+i-AN+i,0)+i?+(AN+i,0)+ Y. E+{X,0) (117) 
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The first term is absorbed into B ■i-r+(AN, An+i). We also write 

and the first term here is absorbed into B ■i-r+(AN, An+i). 
We collect field independent terms in An+i by defining 

S^(An+i) = -eaVol(AN+i)+S+(AN+i,0) + S^(AN+i) (119) 

Each of these is expressed as a sum over polymers X C An+i and we have 

\E;i{X)\ < C)(i)A'3e-(''-6''«-6)'^«W (120) 

We collect boundary terms by defining 

i?;n+(AN+i) = sJn^(A.+i)+E E <mW+ E ^n(^.O) (121) 

Each of these can be expressed as sum over polymers X e 2?N(mod il^^^^). In the case of i?* i|+ 
this involves adjoining connected components of il^ , -^ as in part H of lemma 3.15 in part II. Hence 
B* _. , (Am+1 ) is a sum of such X , and on the domain of i?* , and satisfies 

|B* J-J+ (A:)| < 0{l)BaX^^e-(''-^''»-^'>'^'"^^' """^ *^^n+i) (122) 

It is convenient to make a further adjustment here. Each X e I?i\i(mod ^^+i) determines aYd 
2?i\i(iiiod A^^^) by adjoining connected components of A^^^. Define a new B* +(F) by summing 
over all terms X yielding the same Y. Then we have 

B;n+(AN+i)= E %,n-^^) (123) 

YeVNi mod A^^J,Y#An+i 

where now 

|S* jj+(y)| < C)(i)BgA^e"(''"'^''°^'^)'^'-'(^''"°'^'^N+i) (124) 

See appendix [B] for details on this step. 

The remaining terms coming from R*'^^' _|_(Ar) have X C A^ , -^ and X n An 7^ and can be 

absorbed into B^^ ■pr+(AN, An+i). With all these additions it still satisfies the bound 

Finally we define (with 5^, S'n, Vn are evaluated at if)^ q") 

, ~ ^ (126) 

- T/n(An - %+,) + B^^^jj^{An,Am+i)j 

Altogether then (jlOOl) has become 

Zm,n = Zm,n(o)E / d^N.fi' '^^N+i.n+ -^N+i,n+ '^N+i,n+ 

n+ (127) 

?# 



exp [E*^iAN+i) + i?^ JJ+ (An+i) + B* JJ+ (An+i: 



18 



3 large field bounds 

3.1 rearrangement 

There are some further rearrangements before commencing with the final bounds. We start by making 
some Mayer expansions in (J127I) . Since i?f5_|_;^(AN_|_i) = X^xcA -^n+i(^) ^^"^ ^^^ same for the tiny 
terms we have 



exp (i?^+i(AN+i) + R*jiA^N+i)) - n (%+(^) + 1) = E n%+(^") 

where for X e I?n 



(128) 

XcAn + 1 {X^} a 



Ijj+{X) = exp (i?*(X) + i?Jn+(^)) - 1 (129) 



and the sum is now over collections of distinct {Xa} in An+i. We also have that B rr+^^'^+i'' 
Sf#a,+i ^N+i,n+(^) a'^d then 



^-pK+i,n+(^N+i))= n (^n+(^) + i) = En^n+(^^) (i30) 

where for F G I?i\i(mod A^^-^) 

Jn+ (1-) = exp (i?^^, n+ (^)) - 1 (131) 

and the sum is now over collections of distinct {^0-} which cross Am+i. 

Classify the terms in the sum over H"*" = (Aq, f^i, Ai, . . . , r^N+i, An+i) by = A^ . j^, a union of 
M cubes. We write X]tt+(' ' ' ) — J2e X]tt+ a^ -n- ^^'^ ^^™ '^^'^^^ ® ^^ written as a sum over its 
connected components {6-y}. The sums over {ATq}, {Ya^} only depend on = U-^G-, and so can come 
outside the sum over 11 . Then we have 

Zm,n=Zm.n(0)^ ^ 5] J2 C^+{{Xo.}AYa}) (132) 



{e^}{F„}{x„}n+:Ae^^=e 



where 



Cn^{{x^}AYA) ^ fd%^n^ dw^+^M^ K+i,w CN+i,n+n^n+(^-)n%+(^") (^33) 

•' a a 

The sum in (|132p is over disjoint 8^, over distinct {Xa} satisfying Xa C O'^ and over distinct {^0-} 
satisfying Y„#Q and ¥„ G 2?N(mod 6). 

Let U be the union of {O7}, {Ya}, {Xa} and let {Ug} be the connected components of U, where 
now we say X, Y are connected if they have a cube D in common. See figure [TJ We write the sum as 

E =E E -En E (134) 

The statement that B^ jj(Afe„i, A^) is additive in the connected components of A^ means that 

4 n(Afe-i' AD - E 4,nne-, (^^-1 ^ QyAl n e^) (135) 
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Figure 1: A possible connected component of U 



Thanks to the change of fields in lemma [10] a similar decomposition holds for the other contributions 

t° ^N+i.n+- Thus i^^+,^n+ = n^^N+i,n+ne. ^'^^ ^^^^^ 



^N+i.n+ =n^N+i,n^ 



nUi 



(136) 



The same holds for C^ tt+ and thus 






Combining (J134I) and (I137P yields 



-M,N 



n+:A-^j=ent/f 






where the sum is over disjoint connected {U(\ and where for connected U 



(137) 



(138) 



(139) 



1C{U) is invariant under A/-lattice symmetries. Our goal is to get a good bound on K,{U) so we can 
exponentiate the expansion (|138p . 
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3.2 first bounds 

The characteristic functions put us in the analyticity domains for the various functions. Thus we can 



use the bound (|120p on E^^-^^{X) and the stronger bound (|98p on i?'^_+(X) and conclude that 



|%+(^)| < 0{l)X^e-^''-^''"-^^'^"'^^^ (140) 

The estimate p^ on B n+(^) ^^^'^^ 

\Jyi+{Y)\ < C)(i)SpA^e-(''-^''''-^)'''*^(^'™°'^'^N+i) (141) 

Also recall that 

N 

^N,n =n^^P {c,m'^,)^^-'^\ - ^^r-(N-.)(A.-i - A,) + (B^-,^-(«-„)n^.(A,-i, A,)) (142) 

j=o 

By (PS)1 we have |_B^ jj(An_i, An)| < i?o|A^_-^ — A^ '\. The right side is scale invariant, so the scaled 
characteristic functions imply that 



(S,,i-<.-„)n^(A,_i, A,)| < Bo\A)'\ - A^^l (143) 



The function K yi+ has K^ jj and a similar factor for the last step, sec (|126p . Here we use 

\B ■i-r+(A|\i, An+i)| < i?o|A^ — AJj^-^|. We also use the positivity ( Vn{0,(J)) ~ Xj^4}'^) to estimate 



exp(^-5^(AN-0N+i)-5N(fiN+i-^^+i)-"t^N(AN-r!'^+i)j <1 (144) 

Now with k' = K — 7kq ^ 7 

/C(C/)< Yl ^'(®) '[[0{l)X'^e~''''^'''^^-'>'[[X^O{l)Boe-^''^''^^-'"^°'^^^^ (145) 

{0-,}.{Y„},{X^}^U a a 



where 



^'(©) = E / d^^^ ^w-N+i,n+ c;+,,n- 






n exp c, |(f7,^)(-'--i) I - 5+^"_<„_,, (A,_i - A,) + B^A^\ - AJ 



0) aO-)A (146) 



exp (cu+,m^^+,r^ + i?o|A^"' - a'^^^I 
Next we take a closer look at the characteristic functions which we can write as 

N-l 

'^N+i n+ ^ 11 ('^i+i,i-'"-^-i' ) . r. . Xn(An - A|^*|_;^)CN+i(fiN+i, An+i) (147) 

Recah that Cj+i^Aj,Oj+i,Aj+i = (C°_^i i-i)Aj,Oj+i,Aj+i where if A^ is a union of Af cubes and fi^+i, A^+i 
are unions of LM cubes 

C°+i,A„n,,,.A,+. = C;(A„0,+i)x,(A, - K*X,)x]{^,+, - A*;i)C;+i(f],+i, A,+i) (148) 
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and 

q(A„ ^+1) = Y. Cj{P,+i)x%h - P3+1) - ^1+1) 

Pj + lCAj:aj + i=(Aj) = 1-P|4^1 

C;+i(%+i,A,+i)= ^ C°,i(Q,+i)C;(i?,+i) (149) 



Qj+i.-Rj+i->Aj+i 

x"+i{^]+i ~ {Qj+i u A,+i))x7(r!,+i - (i?,+i U A,+i)) 

where the sum is over unions of LM cubes P^+i, Qj+i, i?j+i. Hence if i7j-)_i, A^+i are unions of 
^-(N-j-i)^ cubes as in (|147|) . then (Cj+i_i-(N-j-i))A^,nj+i,Aj+i = (C°^i_^-(N-j))Aj,n3+i,Aj+i depends 
on 

P, + l C A, :0, + i =(Aj )51 -p/_|:i 

x"+i L-(N-.) («5-+i - (Qj+1 u Aj+i))x7i-,.-„ (r!,+i - (i?,+i U Aj+i)) 

(150) 

where now the sum is over unions of L~^^^^^^'>M cubes Pj+i,Qj+i,Rj+i. The last step is treated 
similarly. 

The sum over 11 = (Aq, fii, Ai, . . . 51n+i, An+i) can now can be written as a sum over re- 



gions {Pj,Qj,Rj}jJ^Q with the convention that Pq, i?o,QN+i, -Pn+i — 0- Each of these is a union 
of L~^^~^^M cubes in T^^ (except i?N+i is still M cubes) . They determine Qj, Aj recursively by the 






following rules 

Now we drop the characteristic functions (i.e. estimate them by one) with the following exceptions. 
We retain the large field functions CK-Pj+i) Cj+iiQj+i) Cj"(^i+i)- We also keep some small field 
characteristic functions in a modified form. We define for $fe on T^ 1 |vi_i. 



Xk 



{X,^,)^ n x{\M^)\<X;'''') (152) 



^e^nT^+M-fe 



Then Xjvl-(n-j) (^f^j, *j) = Xj(-^^"^^f^j, ^i.L"-^) enforces |*j| < A^- " ^L^^^-i) on S^)" . We know 
that this is implied by the other characteristic functions, see (222) in part II. Similarly we can introduce 
Xo^-fe(Ao — rii, $o)- Everything else is dropped. 
Then we have 

N 

^'(0) < E / ^*N,n= dW^+,,ji^Xo,L-<Ao - r!i) nXj,L^(N-.)('5^) 

{P,,Q,M,}:Ai,^,=e-' ' 3 = 1 

N 

I I Cl-(n-3)(-^J + i) '^j + l.L-(N-J)('5j + l) CrL-(N^i)(^j + l) 

jtZi ■'' (153) 

N 



n exp (c,|(^^)(^-i) I - 5+^"_,,_,, (A,_i - A,) + B^P^\ - A? 
exp (£n+i|(«^n+i)^'^I +i?o|A^') - A^'^'j 
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3.3 small factors 

We continue the estimate on /C'(0). Recall that 

N-l 



j=o 



d^N.n- =rf'J'N.as^, n ^^^P [-laL-^''-'-'^\^j+i - Q'^.ln^^,,) d^^^ (154) 



We split each exponential into two factors exp ( — jaL '^^ ^ ^)|$j+i — Q^j\q<^ )■ The first is esti- 
mated to give small factors and the second is integrated over. Since Pj+i C f^^+i the first is smaller 
than exp (-iai-(^-^-i)|$j+i - Q$j||.^.^^' 



Lemma 11. For $j : T^^^^ ■'^ -^ M and $j+i : T^^^^ ^ ^^ ^ M and Pj+i a union of L'^^-^-^Hl 
s in Tf^ : 

exp ('-iaL-(^-^-i)|$,+i - Q^,\%,)l Cl^-,.-,, iP,+i) < exp ( - ^aLp'^M-'\P^i+'^\) (155) 



cubes in T^^ 



Proof. It suffices to prove this back on the lattice where the term was born. We scale up by L^ ^ and 
claim that for $j : T^^^ — > K and $j+i : T^^i^ ,- -^ M and Pj+i a union of iM-cubes in T^-*^,^ ,-: 

exp (^-iai|$,+i - Q<^,\%^,^ C]{P,+i, $„ $,+i) < exp ( - ^aLppd-^\PJiX''>\) (156) 

Keep in mind that |^i+i | is invariant under scaling. The left side of (|156p can be written: 

H exp[-iaL|$,+i-g$,fnV;(n) (157) 

where the product is over the LM cubes. The characteristic function C?+i(n) enforces that there is 
at least on point in D such that |$j+i — Q^j\ > Pj- Therefore 

exp (^-iaL|<f>,+i - Q*,!^^ (^(n) < exp ( - ^aLp^) (158) 

The result now follows since the number of L-cubes in Pj+i is \Pj'li \ so the number of LM cubes in 
Pj+i is Af-3|PJi|^^|. This completes the proof. 

Next consider 

N 

dW,,u^ - n(2-)-'^"^^^-^-^'"'^^exp ( - iL-(^-)r,|^,,,_A,,,)d<o;^!_^,,, (159) 

We break the exponent into two pieces exp{—jL^^'^^^^\Wj\f^. ^_^. J. The first gives small factors 
and the second gives convergence of the integral. Since Rj+i C ^j+i — ^j+i the first is smaller than 

exp(-iL-(^-^)|H^,||,^.^J. 



Lemma 12. 



exp ( - ii-("-^W.II,+,)Cj:L-(.-.)(i?.+i) < exp ( - ^pl^M-'\Rf^,'^\) (160) 
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Proof. Scaled up to a unit lattice this says 

exp {-lm\%^,^ Cr(i?.+i) < exp ( - IpI^M-'\I^^\'^\) (161) 

The left side can be written: 

n c^p(-\\W,\h)criO) (162) 

where the product is over the LM cubes. The characteristic function C^(n) enforces that there is at 
least on point in D such that |Wj| > poj- Therefore 

exp (-Jr,|^) C;(n) < exp ( - i^.) (163) 

and the result follows as before. 

Next we extract the small factors from the action. We first note some bounds on the potential 
which are independent of field size. We have in general for A > 

y(A; £, A*, A) = £ Vol(A) + i/i I d^' + ^xj ^^ 

>-\e\Vo\{K)-\\^i\j 4;' + \\j <t>' (164) 

>-(\e\ + \^?\-')Yo\{K) 

The last step follows since — i|/i|a;^ + \^x'^ has the minimum value — i/i^A~^. 
Note also that 

N-l N N 

n c^i.L-(N-.) (Q.+i) = n c°L-(N+i-„ (g,) = n c,;l-(n-.) (q,) (i65) 

Thus we can use the following estimate: 

Lemma 13. Assume the small field bounds in \153\) . Then there is a constant C2 (depending on L) 
such that for j = 0, . . . N and (5Aj_i = Aj_i — Aj ; 

exp (-5+^''_,,_^,(A,_i - A,)) g,L-(N-.)(Qj) < exp (cAf |M^.^2i| - C2P^M-^\Q^^\) (166) 

Remark. This estimate is more involved because the action S'^'"(Aj_i — Kj) is a function of 
4>- j-jj^, j^, ^y but CjiQj) expressed in term of a different field, namely (/)■ J7(n)- We need to make 
a connection and we do it via the fundamental fields. For this the lemma [^ in the appendix will be 
important. 

Proof. (A.) The bound scales up to 

exp {-Sp-{A,., - A,)) CAQj) < exp {cX^\SA'^'\\ ~ C2PpI-'\Qf\) (167) 

which is what we prove. Now we are on T^-', |^ ■ and Aj_i is a union of L~^M cubes and Aj, Qj are 
unions of M cubes. 
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Split the quartic term in the potential in half and write 



~f-{-.U 



where 

S,{X) ^ S;{X) + Ia, J^ c^ln(K,_^^n,A,) (169) 

is now non-negative. Then since £j^i < C'(1)A^ and /ij-i < 0{1)\'^ we have by (|164p 

exp ( - 5+'"(M,_i)) <cxp ( - 5,((5A,_i)) exp (cA^^Vol(M,_i)^ 

<exp ( - Sj{Q*)) exp (cAf IMJ.!^!^ 



(170) 



The second inequahty follows since Qy C AJ and Q^* C Vty C Aj_i imply Q°* C Aj_i — A^ and 
hence Q* C Aj_i — Aj. The bound (|167p is now reduced to 

exp (-5,(g*)) 0(Q,) < exp ( - csp^^Af-^igJ.^) |) (171) 

(B.) Let Ri — 2R + 1 where R is the parameter which enters the definition of (j) . fj/Q-,, see section 
3.1.5 in part II. 

s,{Q*)= Y. ^^■(°')= E E (2i?i + i)-'^,(n') 

D'cQ* D'cQ* n:n~-"iDn' 

(172) 

□cQjn'cn~«i DcQj 

Here D, D' are M cubes, and we use that D C Qj and D' C D'^-^i imply D' C Q* and D'^^i D D', so 
we are summing over a smaller set in the fourth expression as opposed to the third expression. 
Now (|17ip follows if we can show for D C Qj with i?2 = 2Ri + 1 

exp ( - i?2-3^,(n~«i))0(n) < exp(-C2p2) (173) 



(C.) There is a constant ci (small, depending on L) such that if |9$j| < cipj and |$j| < cia ^pj on 
D'^^-^i then on D 

l'^i-'3j'/'j,0,(n))l ^Pj 

l^'^,,n,(n)l <Pj (174) 

l'^j,0,(n))l ^"7'PJ- 
This follows by a slight variation of lemma 3.1 in part II, and needs D well inside flj which we have 
since Qj C fly This implies that Xj{^) — 1 ^-^d hence Ci(n) = 1 ^ Xji^) = and so the inequality 
(I173P holds. Thus we can restrict attention to fields such that either \d^j\ > ciPj or |$j| > ciaj^pj 
hold somewhere in D^^^^ . 

(D.) If \d^j\ > cipj for some bond in D'^-'^i, then by lemma BUI in appendix [Cj there is a constant 
Co - 0{1) so with ^ 0j- n(A,_i,n,,A,) 

2 2 2 (175) 
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This is sufficient to prove (|173p if C2 < Cgcf i?2 '^• 

(E.) On tfie otlier hand suppose \d^j\ < ciPj everywhere in D"'^'-, and that |$j| > ciaj^pj at some 

ill _i 

point in n~-"i . If also aj = max{/i| ,Xj} = p.^ then |$j | > cip.j ^pj at some point. Again using (|175p 

we have the sufficient bound 

5,(n-^0 > c^/2,|!$,|l^~-., > c[,cIp^, (176) 



(F.) We are now reduced to the case l^'I'jl < cipj everywhere in D'^-'^^ |$j| > cia ^pj at some point 
in C\~^'^ , and aj — A ^ . We want to show that the field 

is large on the set D'^^^^. The $j-i term on fl'^j can be safely ignored since Qj C il:-. The difference 
between the field with it and without it is 0{e~^^). Here we need to use small field bounds for ^j~i, $j . 
Next we use the identity for a unit lattice point y E n~^i and x in a neighborhood of Ay 

_hniA,^,,n,,A,) (O- QTO,f2(A-)'^J."01 ("^^ ^ Kf2(A,.„a,,A,) (O- QT0,f2(Ar)('^^" - '^^■(^^Ol ^""^ 

(178) 

See the proof of lemma 3.1 in part II for a similar identity. The first term is bounded by CciPj by the 

_i 1 i_5 

bound on d^j. The last term is bounded by fijC\^j{y)\ and since fij < aj = Xj and |$j(2/)| < A* 

this is bounded by A|CA- ** pj < pj. Here again we are using small field bounds. Thus we have for 
a; in a neighborhood of Ay-. 

\h^iA,_.,n,.A.)i^)- '^M\<CP, (179) 

Now if |$j(j/)| > ciA ^pj at some point y in n~^% then for Xj < X sufficiently small, the last 
inequality implies that 10. j^/^. q. a ll — I'^^^j ^Pj ^* ^^^ points in some unit square x € Aj^. Then 
we get the small factor from the potential in S'j(n~-'^i) : 

S',(n~-«M > ^A,- / <j)^.c,,, o . ^>-^i I 4''^■n,^ o A ^ > — cfp! (180) 

This is sufficient for p75)) if C2 < Y^gcfi?^^. Thus p75)) is established. 

(G.) A remark on the case j = 1. In this case it is not (j)^ j-j.^ n a 1 ^^ ^-""^ considering, but a 
modification 0-^ j-j/^^ ^ s where r2(J7i, Ai) = J7i n ^{Ki*). The only $o dependence just comes from a 
term As7i,f2'=$0 7 and hence from $o near d^i. Here we do have a small field bound and so the above 
argument goes through. 

(H.) j = is a special case. In this case it suffices to show on T^^m that for an M-cube D C Qo 

exp(-i||a$o||^-i/2o||$o||^-jAoy'<f>^)Co(n) < exp(-c2p2) (181) 
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where Co(n) enforces that either |9<J>o| > Po or |<I>o| > a^ ^po at some point in D. Sphtting into the two 

i i i 

cases ao = Mo ^^'^ '^o = Aq this fohows directly. (Actuahy uq — Aq will always hold for N sufficiently 

large.) This completes the proof. 

Remarks. 

1. The last lemma works as well with exp(— iS'^'"(Aj_i — Aj)) rather than exp(— S'^'"(Aj_i — A^)). 
Then we would have an extra factor exp(— ^^^'"(Aj-i — A^)) to use for the convergence of the 
integrals. We do not need to do this since we still have small field characteristic functions to 
enforce the convergence. However the small field characteristic functions are not available for 
j = 0, so in this case we do make the split and have a factor exp(— i/Sg '"(Ag)) = exp(— ^^(^(Aq)) 
left over. 

2. We collect the small factors generated by the previous three lemmas. With a further shift of 
indices and taking account that Po, ^o, ^n+i, Qn+i = they are 

n exp ( - \aLpl,M-^\PJ^^\ - c,p^M-'\Qf\ - ip^,^._,M-3|i?f |) (182) 

j=o 

Assuming C2 < j, \aL and using pj > poj and that Po.j-i > Po,j this is bounded by 

N + l 

n cxp ( - c,pI^M-\\P^'^\ + IQf I + |i?f I)) (183) 

There is also the factor exp(CA^|MJ^2il) < exp(CA^|(Ap(j)|) from lemmaHl 

3.4 final integrals 

The remaining integral over W -rT+ in (jl53p is 

„ N N 

/ n(2^)-l[^--^-^l"'l/^exp ( - ii.-(^-WX.,.-A,,0<.n;^!-A... - n 2l^--^-^l/^ 

j=0 j=0 

(184) 



The last line follows by the change of variables Wj — >■ \/2Wj which takes us back to a probability 
measure. 

Thus the remaining integrals in /C'(0) are bounded by 

/ n <nlf, exp (-laL-(-^)|$, - Q$^_,|^.) 

7=0 ^ ^ 

(185) 
exp (-S'^i-N(Ag) j Xo,L-"(Ao - ^i) Y[ Xj,l-(«-j-) i^^j) 

We do the integrals for j = N,N — 1,...,2,1 in that order. In each case we first scale up by A^ — j so 
that rij is a union of M cubes and flj+i is a union of LM cubes in T|^i|^_ -, and $j is a function on 
(fl'^^i)^^'' C TTJ^+M-f Split the integral over 'fj^o-; into an integral over ^j^sn'=. and an integral over 
$, oc. The first integral is 

d$,-,a, X,('5^,$,) = [2X, ^ 'J = exp (o(l)(-logA,)|(<5r!,)(^)|) (186) 
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(0)| 

(188) 
(189) 



The second integral is 

Jd^,,,r^c^p(^^\a\^,-Q^,^,f^}j =AA(la,(f]^^)«) = exp (o(l)|(f7^^)(^)|) (187) 

These combine to give a bound exp ( 0(1)(— log Aj)|(fiJ^i)'-'^| j 

For j — Owe scale up by L^ and then split the integral over $o,nj into integrals over $o,Ao-ni and 
^o.A'^ ■ For the first we have as before 

y d'&CAo-ni Xo(Ao - ^i,$o) < exp (o(l)(- logAo)|A(") - n['^\J < exp (o(l)(- log Ao)|(f}^ 

For the second we have 

J d$o,A5 exp ( - is'o+(Ag, $o)) < J d$o.As exp ( - -po\\'^o\\%)) 

= AA(i/2o,|(Ag)(°)|)<exp(o(l)(-log^o)|(AS)(")|)<exp(o(l)(-logAo)|(Ag)(°)|) 

The last step follows since 

-log^o = 2NlogL < 2(-logA + NlogL) = 2(-logAo) (190) 

Putting this together the integrals (|185p are bounded by 

exp|o(l)(-logAo)|(AS)(°)|+X:C(-logA,)|(f^,Vi)(^")|J (191) 

But m-,+,)<-^)\ = L3|(f^c_^^)0+i)| < L3|(A|+i)0-+i)| and -logA, = - log A,+i + log L < -21ogA,+i. 
Hence the above expression can be bounded by 

exp|x;C(-logA,)|(A^^)W|J (192) 

A factor of this form also bounds the right side of (|184p . It also bounds contribution from factors like 

exp(c,|(Op^-i|) and exp(Bo|A5!^i ~ i^'''^ '"^ ^^- 
Combining these estimates with (I183P we have finally 



/n+1 \ 

|/c'(e)| < Yl e^p E c(-iog A,)|(Ap(^-)| - c,p1^m-'{\p^=^\ + |g(.^)| + \r^^^\) 

{Pj,Q,,flj},:A-^,=e \j=o I 

(193) 
Here %,Aj are defined from Pj,Qj,Rj by (|15ip and Pq: ^Oi Qn+i,^n+i = 0- At this point all the 
fields are gone. 

3.5 convergence 

We estimate the last sum. This analysis is more or less model independent, we follow [2]. 

Let us return to the general step in the analysis. We have A^ defined by sequences {Pj,Qj,Rj}'j^q 
which are unions oi L~^''~^'>M cubes in T|^^^_^. Let Cj be the set of all L^'^^^^'^ M cubes in PjUQjURj. 
The number of elements in this set is the same as the number of M cubes when Pj , Qj , Rj are scaled 
by L'^^^ up to T,^-', ^ ,. In this case |P | is the number of unit cubes so 



\C,\^M-'l\Py>\ + \Qy'\ + \Ry>\\ (194) 
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Lemma 14. 



Vol{Kl) = |(A^)W| < 0{l){Mrkf{\C,\ + ... \Cu\) (195) 



Proof. We first claim that AJ: can be covered by all of the following 

|Co| cubes of width < Af ('l"''(1 + 22[ro]) + 22L"(''^"i)[ri] + ■ ■ ■ +22L-\rk-i] +22[rfe]^ 
|Ci| cubes of width < m{l-^^-^\i + 22[ri]) + 22L-'^^-^\r2] + ■■■ + 22L-^[rk-i] + 22[rk]] 



\Ck-i\ cubes of width < M (L-\1 + 22[rk-i]) + 22[rk_ 
\Ck\ cubes of width < Af (1 + 22[rfc]) 



(196) 



The proof is by induction on fc, just as in the proof of the main theorem in part II. First we show 
the statement is true for fc = 0. We have Aq = Qq* and Cq is all M cubes D in Qq- Then 

Ag= U n'^* (197) 

DcCo 

Hence Aq is covered by |Co| cubes of width Af (1 + 10[7'o]) < A/(l + 22[ro]) as required. 

Now assume it is true for k and we prove it for k + 1. Before scaling A^ , -^, a union of LM cubes 

in T^^i^j., and is generated by 

Ai^, = {Air* u p^i\ u gr+i u i?r+i (ws) 

The covering of AJ: is also a covering of the smaller set A^. Each cube in this covering is enlarged 
to a cube which is a union of standard LM cubes (adding less than 2LM to the width) and then 
further enlarged with by adding 10[rfc_|_i] layers of LM cubes. The overall enlargement is less than 
22LM[rk+i]- Thus we have a covering of (A^.)^°* by 



|Co| cubes of width < A-/(L"'=(1 + 22[ro]) + 22L"(''"^)[ri] + • • • + 22[rfe] + 22L[rk+i] 

\Ci\ cubes of width < M(L-^''-^^l + 22[ri]) + 22L-''''-^'^[r2] + --- + 22[rk] + 22L[rk+i' 

(199) 
|Cfc-i| cubes of width < m(l-^{1 + 22[rfe_i]) + 22[rfc] + 22L[rk+i]) 

\Ck\ cubes of width < A/f (1 + 22[rfe]) + 22L[rk+i] 



In addition if Ck+i is the LM cubes in P^+i U Qk+i U Rk+i we can cover P^^\ U Ql\i U Rl*^i by 

|Cfc+i| cubes of width < LA/(1 + 22[rfe+i]) (200) 

The actual A'j,_^_^ in T^, ^^^.-^ is obtained by scaling down by L^^. Thus it is covered by the cubes in 
(|199l) and (|200p with widths scaled down by L~^. This is the claim for fc + 1. Thus (|196l) is established. 
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It follows that 
Vol(A^.) <M3(l-^-(1 + 22N) + 22L-(^-i)[ri] + • • • + 22L-^[Tk-i] + 22H)'|Co| 

+M-''(i-(''-i)(l + 22[ri]) + 22L-^^-'^\r2] + ■■■ + 22L-^[rk-i] + 22[rfc]) |Ci| 



(201) 



-M-Vl-1(1 + 22[rfe_i]) + 22H)^|Cfe_i| 



+M^{l + 22[rk]f\Ck\ 

However 

rfe-j < (l+jlogL)Vfc (202) 

So the first term is bounded by 

k 3 

M\l[Y,L-^{l+3\ogL)\ |Co|<0(1)MV3|Co| (203) 

3=0 

The other sums in the other terms are even smaller and so Vol(A|) < 0{l)M^r^ ( |Co| + . . . |Cfc| ) . 

Lemma 15. 

/C'(e) < A""e-''''^l« (204) 

Proof. In (|193p we use the last result to estimate 

N+l N+1 i 

^(-logA,)|(A,^)«| < 0(l)^(-logA,)(Mr,)^ElC^I 

(205) 

N+l N+l N+l ^ ' 

= 0(l)^M3|C.|^(-logA,)r3 < 0{\)Y,M^-\ogX,r^^\C,\ 

■i— j^i 2—0 

In the last step we use r^ — (— log Xj)^^ and — log A^ < — log \i and N ~ i < {N — i) log L — log A = 
-logAi. 

Also in ((Ml) replace M'^ J^'^^^ |pj^'| + \Qf^\ + \Rf'>\ by ^^+o |Cj| and then split it into three 
equal pieces. Then since poj — {~ log Aj)^^' we have 

N + l ^ 

|/C'(e)| < ^ exp (^ (cA/3(-logA.)-^'-+^ - -c2(-logA,)2^'')|C,| 

N+l .206) 

N + l _, N + l 



^'^P ( XI - 3C2Poj|Cjl) exp (| ^ --C2Poj|Cjl j 



J=0 j=0 

We can assume 3r+2 < 2po. Then for — log A and hence — log Xj sufficiently large, the first exponential 
is bounded by one. The second exponential is bounded using (|195p again. With a new constant Cj it 
is less than 

N + l -. , N + l 

«^P ( E -3^2P^,.|C,l) < exp ( - -cpI^ Y. IC^I) < exp ( - c',pl^{MrM)-'\{A'^+,r^\] 

j=o j=Q (207) 



(-c'2(-logA)2p«-3ne|A./) < A"«e-"'^l' 



exp I 
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In the last we use |8|j\/ > 1 and assume ic2(— log A)^p° ^'' > k. 
Now we have 

, N+l 

r(e)| <A"«e--l«l- J2 e^p[--c,pl^Y.\^^\) (208) 

{Pj,Q,,R,},:A-^,=e j=0 

Now drop all conditions on Pj, Qj, Rj except that they are unions of L^^'^^^^M cubes D contained in 
0. Each sum is estimated separately. For Pj we use \Cj\ > {PjIl^-jm ^-i^d estimate 

^ exp ( - ic2Pgjp,L<«-„M) = n (1 + e-^^^""-) < n (1 + ^D 

p.ce Dee Dee ^^og) 

< ne'^""<exp(A;ieL(«-,)M) 

Dee 

The estimates on Qj,Rj are the same. (i?jv+i has Af -cubes, not LM cubes, but this only improves 
things.) Our bound becomes 

N + l 

|/C'(e)| <A"«e-^l«l-exp(5]3Aj«|e|i<N-„M) (210) 

But |e|i(N-,)M = L3(n-j)|0|^^ ^^(J ;^no ^ j^^{N^j)no x^o _ gincc uq > 4 the sum in the exponential is 
bounded by 

N + l 

3A"«|e|M J2 i"^^-^'^^"''^^' < \Q\m (211) 

Since k — 1 > k' this yields the desired bound A"" exp(— k'|9|m)- 

Remark. The sum in (|193p factors over the connected components {G-y} of 9. The bound (j204p 
holds separately for each factor. Using also |97|j\/ > (ij\f (9^) we have 

A:'(9)<[]A""e-'''l®^l" (212) 

3.6 the stability bound 

We return to the estimate on IC{U) where U G I?n is a connected union of M cubes in T,^'^. Substitute 
the bound on /C'(0) into the bound (|145l) on IC{U) and find 

|/C([/)| < Y^ ]^;^nOg-K'dM(e-,)J-j-0(-j^>);^;3g-K'dM(^c,)-Q0(l);^/3g-«:'d„(y„,mode) 

{0-,},{Y„},{Xa,}^U 1 a a 

(213) 
Lemma 16. 

Y,i.dM{<d() + 1) + ^(dA./(^a) + 1) + Y.i'^MiYa, modO) + 1) > dM{U) (214) 

Proof. Let t„ be a minimal tree intersecting every cube in YaC]<d'^ of length (.{t^) = MdniiYa, mod 9), 
let r-y be a minimal tree intersecting every cube in Q-y of length i{T^) — AldAilQ-^), ^^id let Tq be 
a minimal tree intersecting every cube in Xa of length i{Ta) = MdM{Xa). Also consider the graph 
consisting of pairs from {0-y}, {A"q}, {Y^} which intersect. Consider a subgraph which is a spanning 
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tree. For every pair in the spanning tree take a cube D in the intersection and introduce a line between 
the two points in D which are vertices of the trees. This hne has length < M and the number of lines 
is less than the number of elements in {67}, {^o-}, {^a}- Now the tree t formed from T^,T^,Ta and 
the connecting lines has length 



1{t) < M \y.{dM{Q^) + 1) + Y.{dM{X„) + 1) + Y.^dM{Y„, mode) + 1) j 

\ 7 a (7 / 



(215) 



But T spans all cubes in U (cubes in Yo. H 8 are included because of 8, not ¥„) and so ^{t) > MdM (U) 
which gives the result. 

Lemma 17. 

|/C(C/)| < C'(i)A'3/2e-('''-'=o-i)dM(t/) (216) 

Proof. The previous result enables us to extract a factor e^^'^ -no)dM(u) fj-Qni the sum, Furthermore 
since at least one of {8-^}, {Xq}, {Yo-} must be nonempty, we can pull out an overall factor of X^^"^. 
Now drop all restrictions on Q-y, Xa, Y„ except that they are contained in U and for 8 = U-y8-y that 
y^#8 and Y^ e X>N(mod8). Then 



{e^} in (7 7 



(217) 



J2 []0(l)A^/2g-.„dM(F.,mode) J2 l[0{l)X^'/^e 



,{y<,}in;7 CT / \{X„}in;7 a 



Using J2xcu^^P(^'^odM{Xj) < 0{1)\U\m wc have the estimate 



J2 lloa)X^/^e--^-'^''''^<J2^^ E l[Oil)X^/^e-'^''^ 

00 ^ 



m 

{Xo,}inU a N=0 (Xi ,...,X„) J=l 



Af=0 



(218) 



Here the second sum is over sequences of polymers {Xi, . . . ,X„). The sum over {Ya} is estimated 
similarly now using 



exp(0(l)A^/2|^|^ 



y^ g-KodM(y, mode) <• y^ y^ g- 



-KodMiy^ mod 0) 

Ycc/:>'#e,yG-DN( mod e) Dcu-e YDn,yex)N( mod e) (219) 

<0(l)|t/-8|M<0(l)|C/|M 



Finally the sum over {8-y} is estimated just as the sum over {Xq}. Thus we have 

\JC{U)\ < A^/^exp (-(«'- K„)dM{U) + 0{1)X^/^\U\m) (220) 

This is sufficient since \U\m < 0{l){dM{U) + 0(1)) and A is smah. 
We are now ready to prove the main result: 
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Theorem 2. Let /i = 1 and let A be sufficiently small. Then there is a choice of counterterms s^^^^ 
such that 

ZM.N = ZM,N(0)exp(^H(X)) (221) 

X 

where the sum is over connected unions of M cubes X C T^ and 

\n{X)\ < C)(i)A'3/2e-««'iMm (222) 

Proof. Recall that 

ZM.N = ZM,N(0)^n^(^^) (223) 

{Ue} e 

Since IC{U) satisfies the bound (|216p . and since 0{l)X^^^ is small, by a standard theorem (Appendix 
B, part I) we can exponentiate the sum to the form (|22ip with 

\n{X)\ < C)(i)A'3/2e-(«'-4Ko-4)dM(X) (224) 

Since we can assume k' — Akq — 4 — k, ^ IIkq — 11 > kq we have the result. 

As a corollary we have the stability bound. Earlier versions can be found in [T7], [TB], [T], [2], [13] • 
Corollary 1. (stability) 

exp ( - A" VoI{Tm )) < rfi^ < exp (a" Fo/(Tm )) (225) 

\ / Zm,n(Uj V / 

for some rj > independent M , N . 

Proof. This follows with 77 = /3/2 since (with VoI(Tm) = Vol(T^^) ) 

I Yl ^(^)l< 0(l)A'^/2|T^^|Af = 0(l)Af-3A'3/2vol(TM) < A^/2Vo1(Tm) (226) 



Remark. The analysis can be adapted to treat correlation functions as well. See particularly 12] for 
an indication of how this would go. 

A minimizers 



For a sequence of smah field regions Jl == (f^i, . . . ,i}k) and fields ^^.fi = {^isui, ■ ■ ■ , $fc-i,5nfc_i, $fc,oJ 

M + N-fc 



in T^ ' „,_, as in ([TT|) we consider the action 



where 

QkM = i[Qi4']sn, , . . . , [Qk^l(f']sn,^^ , [Qk(f'h,) (228) 

and (^j, j-j is the minimizer in (j)^-^ of 

5(r!i, $, f^, 0) = i||ai/2($^.^^ _ QknMk + 1(<I>^ i-^ + f^k)4') (229) 
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defined for (j) : T|^'j^^ ,, 



Given a new region flk+i C flk we want to find the minimizer of S{fli,^, ci,(l). ct) in ^k.cik+i 
witli all other variables fixed. With fl^ = (fii, . . . , ilfc+i) and Silk = ilk — ^fc+i these are 

'^Mf2+ = (*^i^f^i'---''^MnJ (230) 

This is the same as the minimizer of S'(f2i, $^ j-^, (/') — S{fli,^ ry+ ,^k,nk+n4') in both $^^^2^,^^ and 
(/)Oi . The solution depends on the Green's function 

'k.sW 



-A + fik + Ql^^^i^Q^^g^+ 



Sli 



where 



'5j.,5f2+'/'= [[Qi(l>]sni,---,[Qk4']sn, 
Lemma 18. 

1. Given $ q+ The unique minimum of 5(57i, $, o, 0) ^^^ ^fc.fifc+i a^^c^ (f'Qi comes at 

and at 



2. We have the identity 



$fe,n.+i = *fc,o,+i('50+) = [Qfc0;,.5f2+]n.+i 



k.sn^ = '^fc,n('/'^^5'*Mn+'*fc.n,+,(50+)) 



(231) 
(232) 



(233) 
(234) 
(235) 



Remark. This is only useful for fik has a substantial size and so can take the place of the missing 
averaging operator in ilk+i in G .q+ . 



Proof. The variational equations for minimizing S{Qi^ $, q, f/") sue 



(236) 



Substituting ^k.Uk+i ~ Qk4> into the second equation and canceling a term akQj^Qk<P on each side it 
becomes 

_ - A + Mfe + Q^,f^+aQ^.^^^.] ^^.Pn, = Qr,,n+^*fe,.n- + t^l^^-f^f '^"f (^37) 

with the solution (/)Oi = 0, -q+ defined by ()233p . With this (j) the minimum in ^k.fik+i i^ ^fc,nfc+i = 
[Qfe^j. ,5j7+]ofc+i as claimed. 

Before the substitution, the solution of the second equation in (I236P is 4'kfti't'^'i'''^kCl')- ^^ ^^^ 
minimum ^k.n^+i = *A;,sifc+i it becomes '/'/..^^^(^nj, $^ ^j-j+, ^fc.Ofc+J- Hence this is another represen- 
tation for the minimizer ^r>+ ■ 
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B a resumination operation 

Suppose n, A are unions of M cubes with A C fi, and we have an expression 

E ^(^) (238) 

xeVki mod n'=),xnA7t0 

with 

\B{X)\ < Bae-'"^'^'^^' ""'^ ^"^ (239) 

for some constant iJo • We want to write it as a similar sum with J7 replaced A everywhere. Every such 
X determines aY G I?fe(mod A^) with y n A 7^ by taking the union with any connected component 
of A'= connected to X, written X -^ Y. We define 

B'iY)= J2 B{X) (240) 

xeT>k( mod n<^),xnA7t0,x->-y 



and then 



E ^(^)- E ^'(^) (241) 

XGr>fc( mod i1<=),XnA^^ YeVki mod A=),ynA#0 



Lemma 19. 

\B'(Y)\ < o{l)Boe-^'^-''°~^^'^''''^^' '"'°'^ ^"^ (242) 

Proof. We first claim that 

dM{Y, mod A=) < duiX, mod fl") (243) 

Indeed let r be a minimal tree joining the cubes in X n 51 of length £{t) — MdM{X). Then r is also 
a tree joining the cubes in F n A since FnA^XnAcXnil. Hence MdM{Y, mod A'^) < £(t) and 
hence the result. 
Then we have 

|-B'(r)| < E ^^g-KdM(X, modO-) 

xeVki mod A'^),xn(ynA)5:^0 

< ]^„g^i'^^'^o}dM{Y, mod A") \ ^ -KodAf (X, mod O^) (244) 

XeVki mod n<=),xn(YnA)^il> 



<C'(l)Boe"(''"'^«^'^^-^(^''°°''^ '|ynA| 



M 



Since Y D A C il the last step follows by lemma E.3 in part II. The result now follows by 

\YnA\M < Oil)idMiY n A) + I) = 0{l)idMiY,mod A=) + 1) < o{l)e^'^'^^^"'°'^^'"^ (245) 

C a bound below 

Let $ : T^_^^_^ — >• R and (j) : T^'lj^_f. -^ K, and let X be a union of unit blocks in T,;^^^,.. For the 
following result we employ Neumann boundary conditions: only bonds contained in X contribute. 

Lemma 20. U^ There is a constant cq = 0(1) such that for < M < 1 

i||$ - Q.cj^WJ, + \\m\j, + l^,Urx > CO (||a$||^ +^11*11^) (246) 
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Proof. We have ioi y e X f] T^_^^^_^ 

my)\ < my) - (gfe0)(2/)| + HQkcl^Ml (247) 

which yields ||$||x < ll'I' — Qfc^llx + IIQfc^llx and hence 

||$|||<2(||$-Qfc0||^ + ||0|||) (248) 

This gives half the result. 

We also need a bound on ||9$|||-. For a bond < y, y + e^ > in X n T}^+M-fc 

\d^<P{y)\^my + e^)-<^iy)\ 

<My + e,) - {Qk4>){y + 6^)1 + \{Qkcp){y + e,,) - {Qk4>){y)\ + \{Qk4>){y) - Hv)\ 

The middle term is written as 

{Qk(l)){y + e^,) - {Qk4>){y) ^ dx((j){x + e^)-(j){x))=dz dx {d^,(j)){x + ze^) (250) 

where Aj^ the unit cube centered on y and z G L^^TL. Therefore 



|(Qfc0)(2/ + e^) - (Qfc0)(2/)| <\dz ||5^0(. + 2e^)||A, < ||9M'^||A„u(A,+e,) (251) 

Jo 

This leads to 

E l(Qfc<^)(y + ep)-(Qfc0)(2/)P< E l|5<^lliu(A„+e,) < 2I150III (252) 

<y,y+e^>eX <y,y+e^>eX 

Using this in (|249p yields 

Iia$|l3,<o(i)(ll$-gfe<^lli- + ll50ii|) (253) 

to complete the proof. 
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